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Induced Drag in Subsonic Flow by the
Vortex Lattice Method”

G. J. Hancock*®
Queen Mary College, University of London, England

REACTION to Ref. 1 might be of some interest. The
first point concerns the over-all philosophy of approach.
To caleulate the induced drag the authors determine the
downwash at the midpoint on each bound vortex element and
then sum the induced drags (downwash X bound vortex
strength) for all elements. It is found that the total induced
drag is underestimated compared with the exact, Trefftz
plane, value. Although the vortex lattice method leads to a
finite lift, strictly it implies an infinite induced drag, because
the induced drag of each single horseshoe vortex line is itself
infinite. The authors bypassed this point without comment
by their approximate technique. It might be argued that the
degree of approximation inherent in the calculation of the
induced drag in Ref. 1 is consistent within the general context
of the vortex lattice method. But such an argument requires
further examination. The success of the vortex lattice
fethod depends on the fact that the downwash condition is
satisfied on the average over the wing surface; in effect the
infinities in downwash across all vortex lines tend to cancel
out. But this argument does not hold for the induced drag
since the infinities in induced drag across trailing vortex lines
do not tend to cancel out, downwash velocities are equal and
opposite on either side of a trailing vortex line but the
strengths of the bound vorticity differ. What is fairly clear,
however, is that the method of calculation in Ref. 1 gives the
lowest estimate for the induced drag since the downwash at
the midpoint on a bound vortex line is & minimum. Refer-
ence 1 shows therefore that this minimum estimate of total
induced drag is not too far removed from the exact value;
it might be anticipated that, apart from the value of the total
induced drag, the spanwise distribution over the wing should
be reasonable.
The second point is somewhat more fundamental. A de-
‘fect in Ref. 1 is that there is no explanation of why the authors
calculated the induced drag in the manner that they did.
Admittedly the purpose of the paper is directed towards the
spanwise distribution of induced drag but there is an implied
chordwise distribution. And this chordwise distribution is
incorrect. To go back to first principles, the induced drag has
two contributions; one arises from the inclination of each ele-
mental lift vector, through the inclination of each element to
the stream direction, while the other is the negative contribu-
tion from the leading-edge thrust. Reference 1 does not
distinguish between these two effects. If a more fundamental
approach had been adopted, then an alternative method of
calculation of the induced drag from the vortex lattice model
would have been

Induceddrag = Y, [(elemental load) X
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Equation (1) is a more direct method than that described in
Ref. 1, since it does not include the calculation of any further
downwash velocities.

Equation (1) leads to an insight into the method outlined in
Ref. 1, where the formula for the induced drag is basically

Induced drag = .

all
elements

{ (elemental load) X

(incidence at L point)} (2)

The difference between Eqs. (1) and (2) shows that, by taking
different downwash velocities on each element, Eq. (2) es-
sentially redistributes the concentrated leading-edge thrust
force over the entire chord. It would be instructive to com-
pare Eqgs. (1) and (2) and check whether or not Eq. (1) leads
to any improvements.

A specific reason for suggesting that the method of caleula-
tion should follow from the application of Eq. (1) is prompted
by the throw away statement in the last paragraph in Ref. 1
which states that the method outlined in Ref. 1 can be used
for certain quasi-steady. rotary derivatives. Without further
proof this statement is unacceptable. For example, consider
the simple problem of the induced drag on a rolling wing.
Now a rolling wing has only an induced thrust because the
element inclination to the stream direction is zero, so from
Eq. (1) only the leading-edge thrust contribution remains;
this is an example where the elemental inclination is not
identical to the elemental incidence. Thus, the method out-
lined in Ref. 1, as expressed in Eq. (2) would give completely
the wrong answer; to start with, even the sign would be
wrong.

The authors of Ref. 1 have amply demonstrated in their
many publications that the vortex lattice method is a powerful
and reliable tool; it is hoped that the above remarks help
clarify some of the fringe applications.
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HE vorticity distribution on any lifting surface is con-

tinuous. A discontinuity in vorticity would cause an
infinite induced drag. In our Note this continuous distribu-
tion is replaced by a vortex-lattice system. As with many
numerical approaches, this replacement system is valid only
at a specific set of collocation points. For lift and moment
calculations, the 4 chord point on the spanwise centerline of
each element must be used. This same collocation point
could be used for drag if the leading-edge suction could also be
calculated directly as in Hancock’s Eq. (1). James' has
shown for a large number of chordwise elements that, in the
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Fig. 1 Correlation of calculated and measured values of
yawing moment coefficient due to the rolling.

two-dimensional incompressible case and for constant down-
wash, the pressure calculated on the leading-edge element by
the Vortex-Lattice Method is always low by 11.49%. On the
basis of James’ investigation, it could be anticipated that
Hancock’s Eq. (1) would be inaccurate. The magnitude of
the inaceuracy is indicated by the example of the hyperbolic
wing in our Note: the Vortex-Lattice estimate of the total
induced drag was low by 89, while Hancock’s Eq. (1) over-
estimated the drag by 649, the example had five elements on
the chord. An alternate approach was to apply the Kutta-
Joukowski Law. Such an application made directly to the
replacement vortex-lattice system would give an infinite in-
duced drag since the replacement lattice is not a continuous
surface vorticity system. Again a set of collocation points
must be selected for the vortex-lattice replacement system:
hence, Hancock’s Eq. (2) [our Eq. (4)]. As the results of our
Note show, the collocation point located at the +-chord loca-
tion on the spanwise centerline of each element gives good
results.

Hanecock is correct in stating that the leading-edge suction
obtained by the Vortex-Lattice Method is distributed over the
chord. Actually it is distributed over the first few forward
elements. As the number of elements is increased, however,
the leading-edge suction moves to the leading edge. The
purpose of our Note was to predict the spanwise distribution
of induced drag and only as many chordwise elements were
used as affected the convergence of the spanwise distribution.
If the distribution of leading-edge suction coefficient is needed
for some reason, it can easily be determined from the Vortex-
Lattice Method as the difference between the drag component
of the local normal force coefficient and the local induced drag
coefficient.

On the subject of induced drag for rolling motions, Hancock
should not have inferred that his Eq. (2) [our Eq. (4)] is
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sufficient in itself to calculate rotary derivatives since the
Kutta-Joukowski Law also introduces a horizontal component
of the lift vector in the stability axes coordinate system in
addition to the drag component. The complete expression
for the yawing moment coefficient because of the rolling is

1 11 Aca ¢ '

Cnp = 5 .I‘O [é pb/ZV - C_l’?]g 'f}d"l (1)
where 7 is the semispan fraction, ¢/¢ is the ratio of local to
average chords, Ac, is the difference between right and left
wing drag coefficients, ¢; is the average between right and left
wing lift coefficients, and pb/2V is the rolling helix angle.
The rolling helix angle is taken to be small in order to
obtain the linearized rotary derivative. The lift and drag co-
efficients are calculated for a downwash consisting of a steady
roll added to the angle of attack

w= (pb/2V)n + « @)

Experimental data have been presented by Wiggins? for roll-
ing derivatives at angles of attack up to 13° and at high sub-
sonic Mach numbers. The calculation of Eq. (1) for the
planform with 32.6° sweep of the quarter chord, an aspect
ratio of 4.0 and taper ratio of 0.6 resulted in C,,/a =
—0.005538/deg at a Mach number of 0.7. The calculation
chose (pb/2V)/a = 0.01 and o = 0.12 rad. The Vortex-
Lattice result is compared to the experimental data in Fig. 1
and is seen to predict the initial slope of the curve both in
stgn and magnitude; the nonlinearity caused by viscous ef-
fects on leading-edge suction at higher angles of attack, of

. course, could not be predicted, but the present results can be

regarded as a basis for applying the semiempirical method of
Wiggins? to account for viscious effects. An approximate
calculation for C,,/a for low speed taken from [Ref. 3, Eq.
(31), Page 18] gives a value of —0.00665/deg. This cale-
ulation is also shown on Fig. 1.
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